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ABSTRACT

The stochastic kinetics of a well-mixed chemical system, governed by the chemical master
equation, can be simulated using the exact methods of Gillespie. However, these methods
do not scale well as systems become more complex and larger models are built to include
reactions with widely varying rates, since the computational burden of simulation increases
with the number of reaction events. Continuous models may provide an approximate solution
and are computationally less costly, but they fail to capture the stochastic behavior of small
populations of macromolecules.

In this paper we present a hybrid simulation algorithm that dynamically partitions the
system into subsets of continuous and discrete reactions, approximates the continuous re-
actions deterministically as a system of ordinary differential equations (ODE), and uses a
Monte Carlo method for generating discrete reaction events according to a time-dependent
propensity. Our approach to partitioning is novel in that we partition the system of reac-
tions, in an online and dynamic manner, based on a threshold relative to the distribution of
propensities in the discrete subset. We have implemented the hybrid algorithm in an extensi-
ble framework, utilizing two rigorous ODE solvers to approximate the continuous reactions,
and use an example model to illustrate the accuracy and potential speedup of the algorithm

when compared to exact stochastic simulation.
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CHAPTER 1
INTRODUCTION

1.1 Introduction

A number of investigators have demonstrated a relationship between phenotypic variability
and the noisy dynamics of populations of macromolecules controlling gene expression [1-8].
These observations led to a renewed interest in simulation algorithms suitable to model-
ing molecular noise. Specifically, many algorithms and tools for the stochastic solution of
well-mixed chemical systems have been developed, beginning with the work of Gillespie [9].
That work outlined two variants of the stochastic simulation algorithm, the Direct method
and the First Reaction method, which permit the Monte Carlo generation of stochastic tra-
jectories of systems composed of coupled chemical reactions. However, as physical systems
become larger and interacting molecular species appear in greater numbers, these algorithms
often require unacceptably large computational resources. In particular, a system (e.g., a
genetic network [10]) consisting of some species with low copy numbers (e.g., a gene) and
some species with high copy numbers (e.g., proteins) could have reactions whose rates dif-
fer by several orders of magnitude. Moreover, the small populations lessen the accuracy of
continuous approximations, while the large populations make discrete stochastic simulation
impractical. To be of value to scientific research, methods must accommodate the stiffness of
the networks of molecular interactions that regulate many aspects of the cell developmental

and physiological processes.



Several recent efforts have been directed toward this end. Gibson and Bruck [11] created
the Next Reaction variant of the stochastic simulation algorithm, a modification to the First
Reaction method, by using special data structures and more efficient random number genera-
tion. Gillespie [12] approximated the system as a continuous-state Markov process, and then
derived the chemical Langevin equation to specify how the trajectories of the state evolve
continuously with stochastic fluctuations. Gillespie [13] presented the “7-leap” method, an
approximate technique for accelerating stochastic simulation, in which it is possible to elim-
inate the occurrence of some fast reactions by taking time steps that are larger than a single
reaction. An improved procedure for selecting the value of 7 has also been presented [14].
By applying the quasi-steady-state assumption to the Gillespie algorithm, Rao and Arkin
[15] explored an approximation technique designed to reduce the computational load by
simulating a simplified stochastic model.

All these methods are based on a monolithic representation of the chemical system:;
that is, all parts of the system are modeled either discretely or continuously. However, by
describing different parts of the system with different appropriate representations, one is able
to leverage the advantages of both discrete and continuous solutions. Specifically, a hybrid
approach would be less computationally expensive than exact discrete-event simulation and
more accurate than continuous approximations, while still preserving the stochastic nature
of the model where it is important. A hybrid method also leads to models in which the
sources of stochastic behavior are more transparent, as the nonstochastic components are
abstracted away [16]. Takahashi et al. [17] developed an efficient method to simulate higher-
order models consisting of components driven by different algorithms and timescales. Hybrid
algorithms have also been proposed [18, 19] that partition the system into subsets of “fast”
and “slow” reactions, approximate the “fast” reactions either deterministically as ODE or
stochastically using the chemical Langevin equation, and simulate the “slow” reactions as
stochastic events with time-dependent propensities.

This thesis expands upon the ideas developed by those researchers, and highlights a



unique partitioning approach. Instead of partitioning the system into “fast” and “slow”
reactions based on reaction propensity alone, we note that, due to small population sizes,
it may not be valid to approximate a “fast” reaction continuously. We have developed a
unique partitioning algorithm that dynamically classifies reactions as discrete by default,
and continuous only when it is both theoretically possible and practically beneficial. In
our algorithm, we first partition reactions into subsets of continuous and discrete reactions
based on which approximation is more valid for the population of reactants and products
involved. We then restrict the continuous subset to those reactions whose propensity is
some constant factor times larger than the propensity of the fastest reaction in the discrete
subset. Thus, the reaction rates are partitioned not according to an absolute threshold,
but rather to a relative threshold that updates dynamically throughout the course of the
simulation. The goal of this approach is to guarantee that the reactions modeled continuously
are indeed significantly faster than the reactions modeled discretely, thus ensuring that the
computational gain of eliminating the “fast” reactions overcomes the cost associated with
switching between the deterministic and stochastic regimes, as well as the overhead involved
in partitioning. Results from an example model indicate that our algorithm reproduces an
accurate solution and is faster than discrete stochastic simulation, so long as the reaction
propensities in the discrete and continuous subsets vary by some orders of magnitude. In
addition, there may be a tradeoff between the accuracy desired and the speedup provided

by the algorithm.

1.2 System Specification

In general, the mass action law formalizes the notion that as the size of a system increases,
the frequency of events within the system also increases. Specifically, with application to
a system of chemical reactions, the mass action law dictates that the rate of reactions is

proportional to the concentrations of the reacting species. In this context, consider a system



of r coupled biochemical reactions involving M species in a well-mixed volume, V. The ¢*?

reaction R; can be written as

M M

ki .
E Oéi,jY}—> E ﬁi,jy} Z:1,2,...,7’
j=1 j=1

where «; ; and (3; ; are, respectively, the number of molecules of species Y; consumed and
produced by reaction R;, and k; is the kinetic coefficient. The r x M stoichiometric matrix
is defined by v; ; = 3;; — ;.

The state of the system at time ¢ is given by X (¢), an M-vector of nonnegative integers
representing the number of molecules of each species. For readability we will use X to mean
X (t), and X; to mean the j™ component of X. The propensity of the i reaction as a
function of the state vector X, denoted by A;(X)dt, is the probability that the reaction will
occur in the interval [¢,t+dt). While these propensities may be computed using different rate
laws, our implementation expands on the work by Joshi et al. [20] and focuses specifically
on mass action kinetics, under which Gillespie has shown the propensity to be a function of
the kinetic coefficient, the populations of the reactants, and a combinatorial term capturing

the number of reacting configurations [9]. That is,

Xi(X) = o H (1.1)

V J:1 al,])

The system can then be modeled using a continuous-time Markov chain (CTMC), where,
given the system is in state X, each reaction R; fires after an exponentially distributed
random delay whose rate is given by \;(X).

As the population size increases (i.e., as X; — oo, j =1,..., M), under the mass action
law, the dynamics of the system can be described by the following system of differential

equations:

Xi... 1,5%14%0 dt Z”wk H e (1.2)



where [Xj] = X},/V is the concentration of species Y} in the limit. A first-order correction
for stochastic fluctuations can be introduced to obtain the chemical Langevin equation [12],
but in this thesis, we choose to approximate the continuous dynamics using deterministic

ordinary differential equations. This will be justified later in Section 2.4.2.



CHAPTER 2
THEORY

2.1 Dynamic Partitioning Scheme

The key to any hybrid simulation algorithm is its approach to partitioning. In our algorithm,
the system of reactions is dynamically partitioned into two subsets, C' and D, representing
the continuous and discrete reactions respectively. We partition using a combination of
population- and propensity-based approaches. In particular, our scheme chooses for C' the

largest set such that VRR; € C, the following conditions are met:
X >y *|vj Vi, i ={reactant or product of R;} (2.1)

and

A(X) > A % s (2.2)

where v and A are nonnegative constants, and A, is the rate of the fastest reaction cur-
rently classified as discrete. Condition (2.2) is what makes our partitioning scheme unique.
Unlike schemes in previous work, the reaction rate threshold in (2.2) is not absolute, but
depends on the distribution of reaction propensities in the discrete regime. We conducted a
detailed analysis of simulation traces for different classes of models that showed there must
be a minimum separation between the reaction rates in the two regimes in order to overcome

the cost of switching between a deterministic and a stochastic solution. A similar recommen-



dation has been made by Haseltine and Rawlings [18], but in an offline setting. Ideally, the
distribution of reaction rates would be clustered into two distinct groups separated by a large
gap, and hybrid simulation would classify the “fast” reactions as continuous and the “slow”
reactions as discrete by choosing an appropriate threshold somewhere in the gap. For simple
systems in which small populations participate in “slow” reactions and large populations
participate in “fast” reactions, this may be accomplished by a naive partitioning scheme
based solely on reaction propensities. However, for more complex systems, that may not be
possible, as there may exist reactions that must be classified as discrete (e.g., they involve
species with low copy numbers) in order to preserve their stochastic behavior, but may, due
to other reactant populations or kinetic constants, be “fast” and in some cases actually have
larger propensities than the reactions labeled continuous. This is the situation we attempt
to address in our partitioning scheme, and will investigate further in Chapter 4.

Thus condition (2.1) first divides the set of reactions into a tentative partitioning based on
the populations of reactant and product species. Then condition (2.2) revises the partitioning
in an iterative fashion so that the propensity of any continuous reaction will be at least A
times larger than the propensity of the fastest discrete reaction. As a result of condition (2.2),
therefore, the partitioning process iterates until a fixed point is reached. The following
algorithm, which is a component of our general hybrid simulation algorithm outlined in

Section 3.1, illustrates how the partitioning is done.
1. Set Apaz =0, C =D =)
2. For each reaction R;

(a) If X; <~ |v;,| for some reactant or product of R;, then
i. D=DU{R,}
. Mgz = max{A;, A\nas }

(b) else C'=CU{R;}



3. If C =0 or D = () then stop. Reactions are either all discrete or all continuous.
4. Set fxdpt = true
5. For each R; € C

(a) If Aj < A Mg
i. C=C—{R;}
ii. D=DU{R;}
1. A\pae = max{\;, Apaz }

iv. Set fxdpt = false

6. If fadpt = false goto step 4.

2.2 Continuous Reactions

Given a system of reactions partitioned into subsets C' and D, and under the assumption
that rate laws such as mass action or Michaelis-Menten kinetics [21] apply, we approximate
the subset of continuous reactions as a continuous Markov process and use the following

system of ODE to model the evolution of the system as affected by only these reactions.

dX; = > vh(X)dt (2.3)
j:R;€C

The approximation is accurate when conditions (2.1) and (2.2) are satisfied by the continuous
reactions, which we dynamically evaluate to determine if a repartitioning of the system is
necessary. In fact, in the thermodynamic limit as the system size tends to infinity, the
chemical master equation produces the same process as the solution of the ODEs, and the

approximation becomes exact.
ODEs are fairly simple computationally. They can be solved using a variety of numerical

methods, from the Euler method to higher-order Runge-Kutta methods, many of which are



readily available in software packages that can easily be incorporated into existing simulation

code.

2.3 Discrete Reactions

Having considered the simulation of the continuous reactions, we now describe how the
discrete reaction events are simulated. Since the propensities of the discrete reactions depend
on the state changes due to the continuous reactions, one can think of the discrete reactions
as being represented by a time-dependent Markov process [11]. Gillespie [22] has given
a general method for exact stochastic simulation of such a process, and derived the joint
probability density function P(r,j) for the reaction that occurs next and the time when it
occurs. Conditioning P(7, j) gives the time-dependent probability density P(7) of the Direct

variant of the stochastic simulation algorithm as

P(1) = Mot (X (t + 7)) exp ( — /t +T )‘tot(X(t,))dt/) (2.4)

where

Aot(X (1)) = Z A (X (1)) (2.5)

Note that if Ay is constant in time, Equation (2.4) becomes the density function of an
exponential distribution with rate A\;,;. Given that a reaction occurs in time 7, the probability

that reaction R; occurs is then

P = D (26)

In order to sample from the time-dependent probability densities defined in Equations (2.4)
and (2.6), we use a Monte Carlo technique that equates the integration of a time-dependent

density function to a random number. Given two random numbers, x; from the unity mean



exponential distribution and « uniformly distributed between 0 and A, (X (¢t 4+ 7)), 7 and j

are chosen as follows:

t+1
/ )\tot (t,)dt, =T (27)
t

z_:)\k(X(t—l—T))[k <u< Z)\k(X(t —I—T))]k (28)

where [ is the indicator function

1 if R, €D
I, = (2.9)
Thus, in our implementation we determine the next reaction time by integrating the ODE

system and Ay forward in time until Equation (2.7) is satisfied. We then choose which

reaction occurred according to Equation (2.8).

2.4 Comparison with Related Work

In comparing our approach to related work, we consider the three aspects described in the
previous sections: the partitioning techniques, the approximation of continuous reactions,

and the simulation of discrete reaction events.

2.4.1 Partitioning

A partitioning scheme can be characterized by two components: (a) when partitioning is
done and (b) how it is done. For (a), the partitioning can be done statically, in an off-line
manner [16], or dynamically, i.e., the system partitioning may change over the course of the
simulation [19]. As for (b), the system can be partitioned based on the populations of species
involved in the reactions, the reaction propensities themselves [18], or some combination of

the two [16, 19]. In theory, if one had some a priori knowledge of the system, one could classify

10



as continuous those reactions that occur most frequently. However, that may not be plausible
for some systems, and certainly does not consider the problem that different reactions could
be bottlenecks at different times during the simulation or that some of the reactions that
occur most frequently involve small populations. For these reasons, we employ an on-line

and dynamic partitioning scheme that uses both population- and rate-based criteria.

2.4.2 Continuous reactions

As an alternative to ODEs, which are fundamentally deterministic, others have proposed
stochastic differential equations (SDEs) to model the continuous reactions. The Langevin
equation, which extends the ODE formulation to include a stochastic noise term, has been
adapted for application to chemical systems by Gillespie [12]. The chemical Langevin equa-

tion, written as

dX; = Y vah(X)dt+ D v /(X)) dW; (2.10)

JiR;€C j:R;€C
where W is a |C|-dimensional Wiener process, can be used to simulate the stochastic dy-
namics of the system as a result of the continuous reactions [18, 19].

We choose to model the continuous reactions using ODEs instead of SDEs for simplicity.
While ODEs are a theoretically less accurate approximation, we justify this decision with
the wide availability of rigorous ODE solvers and the acceptable levels of accuracy observed.
Note that in the thermodynamic limit, the system evolves deterministically as the chemical
Langevin equation reduces to the ODE system in (2.3). Obviously the limit is unattain-
able in physical systems, but if one is primarily interested in the stochasticity of the small

populations as opposed to the large populations, the approximation is acceptable.

2.4.3 Discrete reactions

One may also describe the transitions in the time-dependent Markov process, which repre-

sents the discrete reactions, with other probability distributions. Salis and Kaznessis [19]

11



use the time-dependent probability density of the Next Reaction variant of the stochastic
simulation algorithm, and construct a system of “jump equations,” one for each discrete
reaction, whose solution produces the time at which the next reaction occurs. Regardless of
the distribution, the approaches are mathematically equivalent. While the Direct approach is
more computationally efficient, the Next Reaction approach offers the flexibility of allowing

different distributions of reaction times among the individual reactions.

12



CHAPTER 3
METHODS

We now describe our methods for solving the partitioned reaction system of Chapter 2,
beginning with an overview of the hybrid simulation algorithm followed by a discussion of

the implementation of the algorithm.

3.1 Algorithm

At the beginning, X is set to the initial state vector Xy, the simulation time ¢ is initialized
to zero, and the stoichiometric matrix v is computed. The set of reactions is partitioned
according to the criteria established in Section 2.1. If none of the reactions are classified
as continuous, the stochastic simulation algorithm based on Gillespie’s Direct method is
performed, and the ODE integration step is skipped. Otherwise, a random number is selected
from the unity mean exponential distribution to prepare for the numerical integration of the
ODE system. The integration is then done until one of the following stopping conditions
is met: a discrete event has been generated at time 7 as described by Equation (2.7), the
assumptions for the continuous approximation are not valid, or the end of the simulation is
reached. If a discrete event has been generated, the next reaction to occur is randomly chosen,
weighted by the relative reaction propensities, and the state vector is updated accordingly.

This procedure continues until the entire trajectory is computed, i.e., t = tpnqg.

1. Initialize the system:

13



(a) X:X(),t:o

(b) Compute stoichiometric matrix v.
2. Loop while t < t.,q

(a) Partition set of reactions using the algorithm outlined in Section 2.1.
(b) If continuous reactions exist:
i. Select a random number from the unity mean exponential distribution.
ii. Numerically integrate the ODE using Equation (2.3). Stop when:
i. Equation (2.7) states a discrete reaction should occur,

ii. Equation (2.1) determines a continuous reaction should be repartitioned,

or
iii. t.,q is reached.
(c) If a discrete reaction is to occur:

i. For each R, € D, compute discrete reaction propensity Ay and set A\ =

>0 Ak
ii. If no continuous reactions exist, choose 7 from the exponential distribution

with mean 1/\y.
iii. Generate u from the uniform distribution (0, As)-
iv. Choose j such that Z{z; Ml <u< Z{C:l Y

v. Let X = X + v;, where v; is the jth row of v, and set ¢t = t+7.

3. End simulation and report results.

3.2 Implementation

Our hybrid simulation algorithm was implemented as part of an extensible reaction simu-

lation framework written in ISO C++4. For comparison, the framework also consists of a

14



stochastic simulator, which implements the Direct variant of Gillespie’s method [9], and a
deterministic differential equation solver. We used these simulators to compare accuracy
and computation time among the various algorithms for several published models, and to
compare our results with published results.

The simulation framework makes extensive use of object-oriented design principles and
inheritance. Each solver is implemented as a derived class of the base simulator class, and
employs its own simulation algorithm and data structures. In particular, the modular design
of the hybrid simulator allows us to quickly and easily plug in different ODE solution methods
and experiment with different partitioning techniques.

The framework includes two different high-order approximate solution methods for ODE
systems, both of which use adaptive step size control based on the estimate of error at each
internal solver step. The first is a standard fifth-order Cash-Karp Runge-Kutta algorithm
[23]. The second is CVODE [24], a solver of initial value problems for stiff and nonstiff ODE
systems. CVODE is part of the SUNDIALS suite of solvers for differential and nonlinear
algebraic systems, developed by the Center for Applied Scientific Computing at Lawrence
Livermore National Laboratory.

All model and solution parameters, such as A from (2.2), are specified in a model descrip-
tion file. The implementation parses the model description file, instantiates the appropriate

simulator object, and initializes its data structures.

3.3 Validity of Confidence Intervals

The confidence intervals as computed by the hybrid simulator can be used to specify the
confidence level in the estimate of the mean (or higher moments) of the simulated hybrid
process. It is important to note that the confidence intervals constructed do not provide
a confidence level for the estimate with respect to the original stochastic process, but with

respect to the hybrid process as defined by the partitioning scheme.
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Thus, to prove that the confidence intervals are valid, one must prove that the results for
different sample paths of the hybrid simulator are independent and identically distributed,
assumptions needed by the central limit theorem. To see this, consider the CTMC simulated
by the stochastic simulator. Let P : R — {C,D}. That is, a partitioning P, which is a
function of the system state X (as defined by the partitioning scheme), is a function mapping
each reaction in R to either the continuous or discrete subset. Consider two states X; and X5
that have corresponding partition functions P; and P, and partition the (possibly infinite)

state space of the CTMC according to the following equivalence relation:
Xi=Xy —= P=5F (31)

Given a v and A, for each state there is a unique classification of reactions P. Since there
is a finite number of species in the system M, there is a finite number of such equivalence
classes, bounded above by 2.

For each partition (equivalence class), there are d species that do not participate in
continuous reactions and ¢ = M — d species that do participate in continuous reactions.
Replace each partition with a c-dimensional positive Euclidean space IR°. Now consider an
infinitessimal time interval of length dt. During this time interval, there are two types of finite
transitions that could have occurred to each point in the c-dimensional space representing

each partition.

1. a discrete reaction transition that fires with probability Adt, where A = Y~ \; and \;
is the instantaneous exponential rate of discrete reaction R; given by the kinetic rate

law

2. a continuous reaction transition that occurs with probability 1 — Adt and transitions

to the new state X' = X + £ x dt + o(dt)

16



Either of these transitions may result in a new state in a different equivalence class, cor-
responding to a repartitioning of reactions. For a fixed dt, let {Y;|t > 0} represent the
process described above. Since Y; is a discrete-time Markov chain, the confidence intervals

constructed are valid indicators of the confidence in the estimate. Consider that
Z, = dlim Y, (3.2)

t—0

is identical to the hybrid process simulated by the hybrid simulator, and the result follows.
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CHAPTER 4
RESULTS AND DISCUSSION

We first present in detail an example model of biological significance to demonstrate the
performance of the hybrid simulation algorithm. In order to show that the algorithm has
been tested, and performs well, on a wide variety of models, we will briefly present some
results for other models in the sections that follow.

The chosen models provide good test cases because they involve species present at varying
orders of magnitude, and, as a result, some reactions occur much more frequently than
others. Thus, exact stochastic simulation is quite expensive computationally. In addition,
some of the models exhibit bimodal behavior, thus rendering an ODE solution ineffective.
We therefore investigate hybrid simulation as a reasonable alternative, and consider the
accuracy and speedup of the algorithm when applied to these models.

All experiments in this study were performed on a Linux Fedora Core 3 system with
an Athlon XP 2400 processor and 512 MB of RAM. The ODEs in the hybrid algorithm are
integrated using the CVODE higher-order methods with adaptive step sizing. Similar results

were obtained using Runge-Kutta methods.

4.1 HIV-1 Tat Transactivation Example

We consider here a previously introduced [6] model of the stochastic fluctuations in the

HIV-1 Tat protein within the Tat transactivation positive feedback loop. These fluctuations
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have been experimentally and computationally shown to influence the progression of the
virus to either latency or productive infection, resulting in two distinct phenotypes. This
example was chosen to test our algorithm because it is part of a large and growing body
of work investigating the influence of stochastic gene expression on phenotypic variability.
In addition, because of the bimodal nature of the system, a deterministic model does not
accurately capture the dynamics, and a stochastic description is needed. However, CPU
time becomes an obstacle to a discrete simulation, and thus we believe this model fits nicely
into our hybrid system framework.

We simulated two variations of the model, corresponding to different initial GFP and Tat
concentrations (Dim bulk sort and Mid bulk sort), as well as different kinetic coefficients for
GFP translation. In this model, the GFP degradation and translation reactions are by far the
ones occurring most frequently, and thus present the greatest burden to a discrete simulation.
They are the reactions that the hybrid algorithm targets for elimination by approximating
them as continuous events. A list of reactions and parameters of the Tat transactivation
model is available in Appendix A. Simulations of each model were performed using the
hybrid algorithm, exact stochastic simulation, and a deterministic ODE solution.

Figure 4.1 compares the time evolution of the first two moments of the GFP marker, as
computed by the three algorithms for 10® s (~1.65 weeks) of simulation time. Qualitatively,
this figure shows that the hybrid algorithm manages to capture these moments very well.
Furthermore, the deterministic ODE solution is unable to reconstruct even the first moment.
The reason is the bimodal nature of the probability density of GFP, which can be seen in
Figure 4.2 for the Mid sort variation of the model at time 10° s.

Note that the hybrid algorithm is quite accurate in reconstructing the entire distribution
as computed by the exact solution method. We parameterize the hybrid algorithm with
A =2 and v = 5 to construct this figure, but similar results were observed for other values
of the solution parameters. In fact, the insensitivity of the result to the value of v can be

explained by the following. Regardless of the fraction of time during which the reactions
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Figure 4.1 A comparison of the time evolution of the mean (center line) and standard devia-
tion (+0) of GFP for discrete stochastic, hybrid, and deterministic ODE simulation. Results
are based on 1000 trials.
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Figure 4.2 The distribution of GFP molecules at time ¢t = 10° s as computed by exact
stochastic simulation (left) and hybrid simulation (right) for the Mid sort variation of the
Tat transactivation model. Results are based on 10 000 simulations.
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involving GFP are classified as continuous or discrete (i.e., regardless of the parameter ),
the continuous approximation will be very good because GFP molecules are present in such
high numbers, on the order of thousands to a few million molecules. Thus, for this particular
model, the ability of the hybrid algorithm to reconstruct the distribution of GFP molecules
is independent of the choice of solution parameters. Furthermore, Figure 4.3 shows that
increasing vy, beyond a certain point, has a dramatic effect on the computational expense
of the hybrid algorithm. The reason is that with increasing -, more of the system is being
modeled discretely, and the cost of simulation grows with the number of discrete events. Note
that for v < 5000, the hybrid algorithm significantly outperforms the stochastic algorithm,
as the CPU time of the former is not affected by the changing solution parameter. For
v > 500 000, however, the elimination of reaction events in the hybrid algorithm does
not outweigh the overhead of partitioning and switching between continuous and discrete
solutions, and thus no speedups are observed with the hybrid algorithm. Nonetheless, as
varying 7 has no effect on the quality of the hybrid approximation for this example, one
does not have to sacrifice accuracy to obtain performance gains. This is not always the case,
however, as can be seen in the results from the intracellular viral infection example [18, 25]
included in Section 4.4. In that example, the choice of v does affect the accuracy of the
approximation because the template species is present in smaller numbers, on the order of
tens of molecules.

Tables B.1 and B.2 summarize the performance of the hybrid algorithm, when compared
to the stochastic simulation algorithm, on the Tat transactivation example, as well as a few
other benchmark models collected from the literature. The tables compare the performance
of the algorithms on this set of examples, including a model of intracellular viral infection
[18, 25], the cycle test [19], and a simple crystallization system [18, 19], with respect to
the average number of discrete events and CPU time per run. Additional results for these

benchmarks can be found in the following sections.
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Figure 4.3 A comparison of the CPU time per run of the hybrid algorithm versus the baseline
stochastic simulation, as the solution parameter - is varied, for the Dim sort variation of the
Tat transactivation model. Relative speedup is measured as the ratio of the computational
run time of stochastic simulation to that of hybrid simulation.

4.2 Cycle Test

The system of reactions given in Table 4.1 is called the cycle test. The model is run at
multiple “system sizes,” where the initial conditions of the species and the kinetic coefficients
of reactions (4) and (5) are varied in order to increase the separation between the fast and
slow reaction rates. Reactions (1)-(3) occur with much more frequency than the other
two, and therefore are the primary target for the continuous approximation, while reactions
(4) and (5) are more often classified as discrete. Note that the kinetic coefficients of (4)
and (5) decrease with system size, giving them an average rate of 0.75 and 1 molecules/s,
respectively, while the rates of reactions (1)-(3) increase as the system size is increased.
Figure 4.4 demonstrates how the cost of exact stochastic simulation scales with ©, while
that of hybrid simulation remains constant. Similar trends can be seen in the results for the

example in the next section.
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Table 4.1 Model parameters for the cycle test model.

Reactions Kinetic coefficient

()A—B ki =0.20 s 1

(2) B—C ky = 0.30 571

3)C— A ks = 0.40 s71

(4) A+C — D k4 =117 810 500.0/0% [Ms]|™!
(5) B+C — E ks = 235 620 900.0/0% [Ms]™!
Volume = 1072 L

A(]:@, B0:2@, C(]:?)@,D(]:EOZO
System sizes: © = {100, 1000, 10 000, 100 000}

100

o

CPU Time/run (sec)

0.01 +

0.001

Log(©)

Figure 4.4 A comparison of the running times for different values of © in the cycle test model
using discrete stochastic simulation (diamonds) and hybrid simulation (squares). Results are
based on 10 000 trials.

4.3 Simple Crystallization Example

The following is a previously treated [18, 19] simplified model for the crystallization of species

A, consisting of the two reactions:

2A . B (4.1)
A+Cc-D (4.2)
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Table 4.2 Model parameters for the simple crystallization system.

Parameter Value

k1 30.11 [M s]~*
ko 60.22 [M s| !
Ay ©

By 0

Co 10

Dg 0

Volume = 107 L,
O = {10°, 107, 105, 10°}

Given the kinetic coefficients and the initial number of molecular species in Table 4.2, the first
reaction occurs many more times than the second. For this reason, it is optimal to classify the
first reaction as continuous and the second as discrete. This is what our partitioning scheme
does, after an initial transient period in which the number of molecules of B is less than =,
forcing the first reaction to be modeled discretely. The model itself is parameterized by O,
the initial number of molecules of species A. As O increases, the difference in propensity
between the reactions becomes larger. In particular, the initial rate of the first reaction is
proportional to ©2, while the initial rate of the second reaction grows linearly with ©.

We first perform 10 000 trials of the crystallization model using the hybrid algorithm
(A = 25, v = 100) and exact stochastic simulation. Figure 4.5 compares the solutions
computed by the two algorithms for 100 s of simulation time with © = 105, and shows that
the hybrid approximation accurately reconstructs the mean for all species.

To quantify the error in the first and second moments, we compute the absolute difference

in the mean and variance between the hybrid (H) and stochastic (S) simulation results:

| ELX*(1)] — E[X"(1)] (4.3)

\Var[X5(t)] — Var[ X" (t))| (4.4)
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Figure 4.5 Comparison of the results of hybrid simulation (points) to those of exact stochastic
simulation (lines) based on 10 000 trials of the crystallization model with © = 10°.

The mean and variance errors for species A and C are shown in Figure 4.6.

Based on 100 runs of the hybrid and stochastic simulation algorithms, we then plot the

CPU time per run for each parameterization of the model in Figure 4.7. As with the cycle

test, we observe that while the computational expense of exact stochastic simulation grows

with increasing ©, the cost of hybrid simulation remains fairly constant. Thus, order of

magnitude speedups are possible when hybrid methods are applied to this model.

4.4 Viral Infection Example

We now consider a general model of the infection of a cell by a virus [18, 25].

template LIEN template + genome (4.5)
genome IR template (4.6)
template LN template + struct (4.7)
template — degraded (4.8)
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Figure 4.6 Errors in mean (top) and variance (bottom) of species A (left) and C (right) for
100 runs of the crystallization model with © = 10° (diamonds), 107 (squares), 10® (triangles),
and 10 (x’s). Errors for species C are plotted with © = 108 and 10° on the secondary axis.
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Figure 4.7 A comparison of the running times for different values of © = Ay in the crystalliza-
tion model using discrete stochastic simulation (diamonds) and hybrid simulation (squares).

struct —=— secreted /degraded (4.9)
genome + struct —— secreted virus (4.10)

where genome and template are, respectively, the genomic and template viral nucleic acids
and struct is the viral structural protein. We assume that nucleotides and amino acids are
available at constant concentrations, and thus are not included in the model. Also, the
template species is a catalyst for reactions (4.5) and (4.7), and thus is neither produced nor
consumed in these reactions. Table 4.3 lists the kinetic coefficients and the initial conditions
of the model.

We perform 1000 simulations of the model using the hybrid algorithm, exact stochastic
simulation, and a deterministic ODE solution. We considered multiple parameterizations of
the hybrid algorithm by varying v while keeping constant A = 25. Smaller values of ~ lead
to aggressive partitioning (more of the system is modeled continuously), while larger values
lead to more conservative partitioning (more of the system is modeled discretely).

Figures 4.8 and 4.9 compare the bimodal distribution of template molecules at 200 days
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Table 4.3 Model parameters for the viral infection example.

Parameter Value

]{71 1 day_l

ko 0.025 day~*

ks 1000 day~*

ka 0.25 day~!

ks 1.9985 day !

kg 7.5E-6 [molecules-day]
templateg 1

genomey 0

structg 0

0.7

0.6 -

0.5 A

Probability
o
»

o
w

0.2

0.1 4

0 5 10 15

20 25 30 35 40
# Molecules

45

Figure 4.8 The distribution of the template species at time t = 200 days as computed by

exact stochastic simulation.

for exact stochastic simulation, hybrid simulation with v = 10, and hybrid simulation with

v = 100. Note that while the hybrid algorithm with v = 10 (aggressive partitioning) is

unable to reconstruct the entire distribution, the hybrid algorithm with v = 100 (conservative

partitioning) is quite accurate.

Figure 4.10 compares the time evolution of the first two moments of the template and

genome species, as computed by the three algorithms for 200 days of simulation time. We
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Figure 4.9 The distribution of the template species at time t = 200 days as computed by
hybrid simulation.
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Figure 4.10 A comparison of the time evolution of the mean (center line) and standard
deviation (£0) of the template and genome species for discrete stochastic (solid lines), hybrid
with v = 10 (dashed lines), and deterministic ODE (points) simulation.

29



300

250

n
o
<)

Relative Speedup
o
o

o
s)

50

0 10 20 30 40 50 60 70 80 90 100
Gamma

Figure 4.11 The reduction in computational expense of the hybrid algorithm over stochastic
simulation for the viral infection model, as the solution parameter v is varied. Relative
speedup is measured as the ratio of the computational run time of stochastic simulation to
that of hybrid simulation.

use the hybrid algorithm with v = 10 to construct these figures, but similar results were
observed for other values of 7. As noted, the approximation of the distribution of template
molecules is poor with v = 10. However, this figure shows that even in such conditions,
the hybrid algorithm is quite accurate in reconstructing the time evolution of the first two
moments. As with the Tat transactivation example, the deterministic ODE solution is unable
to reconstruct even the mean of the distribution.

Figure 4.11 shows the relationship between the computational savings provided by the
hybrid algorithm over exact stochastic simulation and the value of ~. This figure indicates
that smaller values of v, or more aggressive partitioning strategies, result in greater compu-
tational gains. For example, a 239-fold reduction in computational expense over a discrete
stochastic solution is possible with v = 5. However, we reported that the hybrid algorithm,
when parameterized in such a way, is unable to reconstruct higher moments. This obser-

vation suggests there is a tradeoff between the speedup and the accuracy of the algorithm.
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In particular, if the measure of interest is a mean, or the average behavior, more aggressive
partitioning will suffice and result in larger computational savings. However, if the mea-
sure of interest is a probability or a distribution, more conservative partitioning may be
required, resulting in smaller computational gains. Nonetheless, for this example, even the
most conservative partitioning results in a 24-fold speedup over exact stochastic simulation.

While we acknowledge that this is a fairly simple model, it does serve to illustrate the
correctness of the algorithm, and offer some support to a measure-driven notion of parti-
tioning. We realize that in real, complex biological models, the partitioning may not be so
intuitive. However, we believe that this is an important step towards gaining insight into
the types of models that may benefit from a hybrid approach, and how different approaches

to partitioning may affect the accuracy and computational expense of the algorithm.
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CHAPTER 5

CONCLUSIONS AND FUTURE
WORK

While Gillespie has developed exact methods for simulating the stochastic kinetics of a well-
mixed chemical system, these methods become quite computationally intensive for larger
systems with higher numbers of reaction events. Continuous models, such as those described
by differential equations, can approximate the exact stochastic solution and are much simpler
computationally. However, they are not as useful when modeling systems with low-frequency
reaction events and small populations, as they fail to preserve the stochastic nature of such
discrete-event systems.

In this study, we presented a hybrid simulation algorithm that partitions the reaction
system into continuous and discrete subsets, approximates the continuous reactions deter-
ministically as an ODE system, and generates discrete reaction events by integrating a time-
dependent probability density function. We described a unique approach to partitioning in
which the extents of reaction are not partitioned based on an absolute threshold, but instead
on a threshold relative to the distribution of discrete reaction propensities. The partitioning,
which uses a combination of population- and rate-based criteria, is done online and updated
dynamically.

We implemented the hybrid algorithm in an extensible simulation framework using princi-

ples of object-oriented design and inheritance. Our implementation also utilizes two different
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rigorous ODE solvers to simulate the continuous reactions. To demonstrate the accuracy
and performance of the hybrid algorithm when compared to exact stochastic simulation, an
example model was given and both algorithms were used to compute various measures of
interest on the model. In this example and the others that followed, we were able to show
that the hybrid algorithm is reasonably accurate, and that computational savings are pos-
sible if the distributions of partitioned reaction extents vary by some orders of magnitude.
In the worst case, our hybrid algorithm reduces to Gillespie’s Direct method for discrete
stochastic simulation with some additional overhead. Furthermore, for one of the examples,
the algorithm was parameterized in such a way as to vary the fraction of the system that is
modeled continuously. Results from that model suggested there may be a tradeoff between
the accuracy and speedup of the algorithm, controlled by the aggressiveness of the partition-
ing technique employed. The tradeoff is likely dependent on the measure of interest to be
computed from the model, particularly if the measure is on small-numbered species. Cur-
rently the partitioning strategy is tuned manually, by adjustment of the solution parameters
A and ~, but it should be possible to determine these parameters automatically given the
type of measure to be computed and topological information about the reaction network.
Directions of future efforts could include incorporating stochastic differential equations
into the solution engine and investigating alternative partitioning schemes. We also have
plans to develop an XML parser that will allow us to quickly simulate models specified in

other standards, such as SBML [26] and CellML [27], within our framework.
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APPENDIX A

TAT TRANSACTIVATION
REACTIONS AND PARAMETERS

A list of reactions of the Tat transactivation model described in Section 4.1 is available here.
The parameters for the two variations of the model, Dim bulk sort and Mid bulk sort, can

be found in Tables A.1 and A.2, respectively.
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Table A.1 Model parameters for the Tat transactivation example with initial GFP concen-
trations corresponding to a Dim sort.

Parameter Value
kbasal le-9 5_1
kexport 7.2e-4 S_1

kltranslate 0.5 5_1
k2translate 0.00132 5_1

Kbind 1.5e-4 [molecules - 5]~
Kunbind 0.017 s7!
kacetyl 0.001 s~*
kdeacetyl 0.13 s~ ¢
ktransact 0.1 s7!
derp 3.0le-6 s7*
drat 4.3e-5 s71
dcyt 4.8e-5 571
e 4.8e-5 51
LTR, 1

TCLtO 5)

GFF 75 000

Table A.2 Model parameters for the Tat transactivation example with initial GFP concen-
trations corresponding to a Mid sort.

Parameter Value
kbasal le-9 5_1
kemport 7.2e-4 5_1

kltranslate 0.8 5_1
k2translate 0.00132 3_1

Kpina 1.5e-4 [molecules - ]~
Kunbind 0.017 s7!
Kacetyl 0.001 s71
kdeacetyl 0.13 s7!
ktransact 0.1 5_1
darp 3.0le-6 s~ *
drat 4.3e-5 s71
dcyt 4.8e-5 s71
Anue 4.8¢-5 s71
LTR, 1

Tat 100

GFPF, 300 000
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APPENDIX B
SUMMARY OF RESULTS

Tables B.1 and B.2 summarize the performance of the hybrid algorithm, when compared to
the stochastic simulation algorithm, on the Tat transactivation example, as well as the other
models presented in this thesis. The tables compare the performance of the algorithms on
this set of examples with respect to the average number of discrete events and CPU time
per run. Additional results for these benchmarks can be found in the corresponding sections

of Chapter 4.
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Table B.1 A summary of performance results for several benchmark models comparing the
stochastic and hybrid simulation algorithms. Average number of discrete events and CPU
time, in seconds, are reported per run.

Stochastic
Model Avg. # Events CPU Time
HIV-1 Tat Dim sort 561415 0.576328
HIV-1 Tat Mid sort 4.83371e+06 4.97246
Intracellular viral infection 3.13796e+06 2.11551
Cycle test (© = 1000) 162068 0.109848
Crystallization (© = 10°) 454551 0.206052
Hybrid
Model Avg. # Events CPU Time
HIV-1 Tat Dim sort 4140.42 0.0630483
HIV-1 Tat Mid sort 23869.7 0.359591
Intracellular viral infection 1249.66 0.0398304
Cycle test (© = 1000) 27.613 0.00267859
Crystallization (© = 10°) 110.105 0.00202239

Table B.2 Stochastic/hybrid relative reduction in simulation cost for the benchmarks above.

S/H
Model Avg. # Events CPU Time
HIV-1 Tat Dim sort 135.59 9.14
HIV-1 Tat Mid sort 202.5 13.83
Intracellular viral infection 2511.05 53.11
Cycle test (© = 1000) 5869.26 41.01
Crystallization (© = 10°) 4128.34 101.89
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